Abstract. We study homotopically non-trivial spheres of Legendrians in the standard contact R 3 and S 3 . We prove that there is a homotopy injection of the contactomorphism group of S 3 into some connected components of the space of Legendrians induced by the natural action. We also provide examples of loops of Legendrians that are non-trivial in the space of formal Legendrians, and thus non-trivial as loops of Legendrians, but which are trivial as loops of smooth embeddings for all the smooth knot types.
Introduction.
This small note summarizes the current understanding of the topology of the spaces of Legendrian embeddings in the 3-dimensional case just using classical invariants. The study of the connected components of those spaces has been a classical topic in the Contact Topology literature [Ch, DG, EF, Et, EtH, Ng, Sza] .
Here we focus on the higher dimensional homotopy groups, in particular in the fundamental group. We define invariants and provide partial classifications by considering the space of Legendrian embeddings as a subspace of the space of formal Legendrian embeddings. Then, we provide non-trivial homotopy elements considered as homotopy classes in the space of formal Legendrian embeddings and clearly we conclude that the classes are non-trivial in the space of Legendrian embeddings. Do note that, in dimension 3, there are not known examples of non-trivial spheres of Legendrian embeddings that are trivial as spheres of formal Legendrian embeddings, see [FMP] .
Contact 3-manifolds.
Definition 2.1.1. Let M be a 3-manifold. A plane field ξ ⊆ T M is said to be a contact distribution if it is everywhere non integrable, i.e. locally ξ can be regarded as the kernel of a 1-form α ∈ Ω 1 (M ) such that (1) α ∧ dα = 0.
The pair (M, ξ) is a contact 3-manifold.
Assume that ξ is coorientable. Thus, ξ = ker α for some 1-form α ∈ Ω 1 (M ) satisfying (1). The election of α is unique up to a conformal factor. From now on, we will focus in the case of cooriented contact structures.
A diffeomorphism f : (M 1 , ξ 1 ) → (M 2 , ξ 2 ) between two contact 3-manifolds, such that f * ξ 1 = ξ 2 is said to be a contactomorphism. Denote by Cont(M, ξ) the group of contactmorphisms from (M, ξ) to itself. Locally any two contact 3-manifolds are contactomorphic, this is the content of Darboux's Theorem (see [G] , Theorem 2.5.1).
The Reeb vector field associated to a contact form α defining a contact manifold (M, ξ = ker α) is the vector field R α defined by the conditions α(R α ) ≡ 1 and i Rα dα ≡ 0.
The two basic examples that we are going to study in this note are the following Example 2.1.2.
(i) The standard contact structure on R 3 (x, y, z) given by ξ std = ker(dz− ydx).
(ii) The standard contact structure on
, where i : T C 2 → T C 2 denotes the standard complex structure on C 2 . It follows that (R 3 , ξ std ) is contactomorphic to (S 3 \{p}, ξ std |S 3 \{p} ), for any point p ∈ S 3 (see [G] , Proposition 2.1.8). This justifies the notation.
Legendrian submanifolds.
Following [Et, G] we introduce the notion of Legendrian submanifold of a contact manifold. We define the (formal) classical invariants. We also introduce two (formal) invariants for loops of Legendrians.
3.1. Legendrian submanifolds. Definition 3.1.1. Let (M, ξ) be a contact 3-manifold. An embedded oriented circle L ⊆ M is said to be Legendrian if T L ⊆ ξ. A Legendrian embedding is any embedding that parametrizes a Legendrian submanifold.
Denote by Leg(M, ξ) the space of Legendrian submanifolds of (M, ξ) and by Leg(M, ξ) the space of Legendrian embeddings of (M, ξ). Note that Leg(M, ξ) = Leg(M, ξ)/ Diff + (S 1 ).
A key result in the theory of Legendrian submanifolds is the Weinstein's Tubular Neighbourhood Theorem (see [G] , Corollary 2.5.9) which asserts that two diffeomorphic Legendrians have contactomorphic neighbourhoods. Thus, any Legendrian circle L in a contact 3-manifold has a tubular neighbourhood contactomorphic to a tubular neighbourhood of S 1 × {0} ⊆ (S 1 × R 2 (θ, (x, y)), ker(cos θdx − sin θdy)).
3.1.1. Projections. There are two distinguished projections π : R 3 → R 2 that are useful in the study of Legendrians. When projecting onto R 2 via the two projections that we will define, each embedding is mapped to a unique curve in R 2 . Nevertheless, the converse results are partially true. We can recover a unique Legendrian curve in (R 3 , ξ std ) from curves in R 2 satisfying certain conditions. Definition 3.1.2. We define the Lagrangian projection as
This projection has the property that maps immersed Legendrian curves in (R 3 , ξ std ) to immersed curves in R 2 . In addition, the z-coordinate can be recovered by integration:
Thus, in order for a closed curve in R 2 to lift to a closed Legendrian, it is necessary that the closed immersed disk that bounds the curve has zero (signed) area.
On the other hand we have: Definition 3.1.3. We define the front projection as
We can recover the y-coordinate by differentiating:
The cases x (s 0 ) = z (s 0 ) = 0 are allowed as soon as the limit is well defined.
3.2. Classical invariants. There are three classical invariants of Legendrian embeddings that we will introduce (for simplicity) only in the context of (R 3 , ξ std ) and (S 3 , ξ std ). The first one is the smooth knot type of the embedding, which is purely topological.
be a Legendrian embedding. We call contact framing to the trivialization of its normal bundle ν(γ) given by the Reeb vector field along the knot. We call topological framing of γ to the framing F Top of ν(γ) defined by any Seifert surface of γ.
Definition 3.2.1. The Thurston-Bennequin invariant of γ, denoted by tb(γ), is the twisting of the contact framing with respect to the topological framing.
Fix a global trivialization of ξ, this election is unique up to homotopy since π 0 (M aps(M, S 1 )) = 0 for the two particular manifolds that we are studying. Thus, the derivative of the Legendrian embedding defines a map γ :
It follows that the rotation number is well defined and independent of the trivialization of ξ. In the case that ξ is non-trivial, we can define the rotation number for null-homologous knots by just taking a Seifert surface Σ on a fixed homology class and selecting a framing for ξ |Σ that induces a framing over the boundary by restriction. The induced framing on ξ |γ is independent of the choice (see [G] , Proposition 3.5.15).
There is an important result relating the three classical invariants of Legendrian embeddings in (R 3 , ξ std ) and (S 3 , ξ std ).
Proposition 3.2.3 (Bennequin's inequality, [Ben] ). Let χ(Σ) denote the Euler characteristic of a Seifert surface Σ for the Legendrian embedding γ. Then the following inequality holds:
3.3. Invariants for loops of Legendrian embeddings. We consider parametrized loops, when we quotient by the parameter we explicitely mention it. Let (M, ξ) be (R 3 , ξ std ) or (S 3 , ξ std ). We can also define certain (formal) invariants for loops of Legendrian embeddings γ θ in Leg(M, ξ). The first invariant is the homotopy class of the loop of smooth embed-
where Emb(N 1 , N 2 ) denotes the space of embeddings of a manifold N 1 into another manifold N 2 .
The second invariant for loops of Legendrians embeddings is the following Definition 3.3.1. The rotation number of the loop γ θ is
In order to define a different invariant, we assume that there exists a loop of Seifert surfaces Σ θ for γ θ . Thus, we have a loop of topological framings for ν(γ θ ). By means of the Reeb vector field, we can understand this loop as a F θ Top : S 1 → R 2 \{0}. Definition 3.3.2. The Thurston-Bennequin number of the loop γ θ is
The Thurston-Bennequin number is not necessarily well defined for all the loops of Legendrian embeddings, since we are assuming that we have a loop of topological framings. The key point is the existence and uniqueness of such a loop.
Assume that a loop of smooth embeddings γ θ is homotopically trivial, i.e. there is γ z , z ∈ D, whose boundary is γ θ . Thus, there is a unique topological framing on γ z |z=0 induced by any choice of Seifert surface. This induces a unique 1-parametric family of topological framings on the loop γ θ . Now, assume that we have a 2-sphere S of smooth embeddings. If we understand it as the union of two disks we get by the previous construction two possibly different topological framings for the equator γ θ . The difference between the two loops is measured by an integer d(S). We conclude that we have a well defined morphism of abelian
Recall that there is a natural left action of Diff + (M ) on Emb(S 1 , M ). Denote by Φ γ : Diff + (M ) → Emb(S 1 , M ) the orbit of an embedding γ under the action.
We can state the following proposition that is obviously true by the previous discussion.
Proposition 3.3.3 . Let γ θ be a loop Legendrian embeddings. In any of the two following cases tb π 1 is a well defined invariant:
is an monomorphism and [γ θ ] ∈ Image(π 1 (Φ γ )) or (B) γ θ is trivial as a loop of smooth embeddings. In this case tb π 1 (γ θ ) ∈ Z/k 0 Z. Remark 3.3.4. Assume that γ θ satisfies condition (A) and condition (B). Then, k 0 = 0 and tb
The reason is that condition (B) provides a capping disk γ r,θ for γ θ . Now the segment γ r,θ 0 , by the Isotopy Extension Theorem, can be represented by a segment of diffeomorphisms Ψ r,θ 0 , i.e. Ψ 0,θ 0 = Id and Ψ r,θ 0 (γ 0 ) = γ r,θ 0 . Thus, Ψ 1,θ (γ 0 ) = γ θ and the two definitions do coincide. This also implies k 0 = 0. For this reason, we do not specify if we are considering the type (A) invariant or the type (B) invariant in the discussion that follows.
Finally, we can state the following useful formulas Proposition 3.3.5. Let γ θ be a loop of Legendrian embeddings. For each k ∈ Z define the reparametrizations γ θ,k (t) := γ θ (t − kθ). Then,
, whenever the tb π 1 is well defined for both loops.
Remark 3.3.6. Hatcher's work about knot spaces in S 3 implies that tb π 1 is well defined for many cases:
• The connected component Emb 0 (S 1 , S 3 ) of the trivial embedding has the homotopy type of V 4,2 , the space of parametrized great circles (see [Ha83] , Appendix: Equivalence (6)). Note that, π 1 (V 4,2 ) = 0 and π 2 (V 4,2 ) ∼ = Z. In this case tb π 1 ∈ Z is always defined since k 0 = 0. Indeed, consider S 3 as a submanifold of the quarternions R 4 (i, j, k), the generator of π 2 (Emb 0 (S 1 , S 3 )) is the 2-sphere {γ p : p ∈ S 2 (i, j, k)}, meaning that γ p (θ) = cos θ + p sin θ. It is clear that a normal framing for γ i is given by τ i (θ) = j, k . We choose as equator the loop of curves γ p with p ∈ S 1 (j, k). We look for a family of diffeomorphisms A p,r :
r)p and A p,r (1) = 1. We can, indeed, choose A p,r to be the linear rotation of angle π 2 r around the axis defined by 1, i · p . With this choice it is clear that the S 1 -parametric family of knots γ p = A p,1 γ i has an associated family of framings τ p = (cos φ)i+sin φ((sin φ)j −(cos φ)k), (sin φ)i+cos φ((sin φ)j −(cos φ)k) , with p = (cos φ)j + (sin φ)k. Choosing the south pole −i ∈ S(i, j, k), we define the framing τ −i (θ) = −j, −k . We repeat the previous process but taking a family of linear isomorphisms preserving the axis 1, −i · p . Obviously, we get a S 1 -family of framingsτ p that satisfiesτ p = τ p . We have proven that d([γ p ]) = 0.
• The connected component Emb p,q (S 1 , S 3 ) of a non-trivial parametrized (p, q) torus knot has the homotopy type of SO(4) and the homotopy equivalence is induced by the action Diff + (S 3 ) → Emb p,q (S 1 , S 3 ) (see [Ha99] , Theorem 1). Recall that Diff + (S 3 ) is homotopy equivalent to SO(4) (see [Ha83] ). In this case, tb π 1 ∈ Z is always defined.
• The connected component Emb (S 1 , S 3 ) of an hyperbolic parametrized knot γ has the homotopy type of S 1 × SO(4) (see [Ha99] , Theorem 1). In particular, Emb (S 1 , S 3 ) has trivial second homotopy group. Moreover, the map π 1 (Φ γ ) is injective. Thus, tb π 1 ∈ Z is well defined for loops in Image(Φ γ ) and for smoothly trivial loops.
The formal viewpoint.
Following [FMP] we study Legendrians from a formal viewpoint in (R 3 , ξ std ) and (S 3 , ξ std ). The assumption of restricting to the standard structures is only made for simplicity in the statements
1
. For a more general discussion see [Mur] .
4.1. Formal Legendrian Embeddings.
Definition 4.1.1. Let (M, ξ) be (R 3 , ξ std ) or (S 3 , ξ std ). A formal Legendrian embedding into (M, ξ) is a pair (γ, F s ) such that
Trivialize T M and ξ. From now on we understand F s : S 1 → S 2 and F 1 :
On (R 3 (x, y, z), ξ std ) we fix the framing ξ std = ∂ x + y∂ z , ∂ y . On (S 3 , ξ std ) we fix the framing given by ξ std (p) = jp, kp , where we are using quarternionic notation, i.e. S 3 ⊆ R 4 (i, j, k).
Denote by FLeg(M, ξ) the space of formal Legendrian embeddings. In order to study the homotopy type of the space of formal Legendrians we introduce the following auxiliary space FLeg(M, ξ) = Emb(S 1 , M ) × LS 1 , where LX denotes the free loop space of a connected manifold X. Recall that LX has the homotopy type of X Ω p (X) and, moreover, if X is a Lie group then LX ∼ = X × Ω 1 (X). We have a natural fibration
The morphism f is surjective. Indeed, given (γ, F 1 ) we need to find a homotopy between γ and F 1 inside LS 2 . Since F 1 is null homotopic (in LS 2 ) by the Legendrian condition, this is equivalent to say that γ is null homotopic which is true, by dimensional reasons, for every embedding γ ∈ Emb(S 1 , M ). Fix as base point (γ, γ ) ∈ FLeg(M, ξ), with γ ∈ Leg(M, ξ). The fiber over this point is Ω γ (LS 2 ). Denote the diagonal maps in the associated long exact sequence in homotopy by
Recall that, by the Smale-Hirsch h-principle for immersions ( [Hi] ), Imm(S 1 , M ) has the homotopy type of LM × LS 2 . Let p 2 : LM × LS 2 → LS 2 be the projection onto the second factor and i : Emb(S 1 , M ) → Imm(S 1 , M ) the natural inclusion. We have the following
Proof. The image of (γ z , F z 1 ) by ∂ k measures the difference between the derivative (γ z ) and F z 1 as elements in π k (LS 2 ). The homotopy class of F z 1 is zero by the Legendrian condition.
With the previous discussion in mind one can conclude the following well known fact, we refer the reader to [FMP] or [Mur] for a proof, 1 In fact, the statements follow for any contact structure on R 3 or S 3 .
Theorem 4.1.3. Formal Legendrian embeddings are classified by their parametrized knot type, rotation number and Thurston-Bennequin invariant.
About the fundamental group of the space of formal Legendrian embeddings we can state the following Theorem 4.1.4 ( [FMP] ,Theorem 3.4.1). Let γ ∈ Leg(M, ξ) be a Legendrian embedding. Fix (γ, γ ) ∈ FLeg(M, ξ) as the base point. Then, there exists a number m ∈ Z ≥0 , depending only on the parametrized knot type of γ, such that the following sequence
is exact. Moreover, the last Z factor corresponds to the Rot π 1 invariant.
5. The action of Cont(S 3 , ξ std ) on the space Leg(S 3 , ξ std ).
5.1. The action of the contactomorphism group on the space of Legendrians. Recall that on S 3 ⊆ C 2 the standard contact structure ξ std is defined as the complex tangencies of the 3-sphere; i.e.
Thus we have a natural inclusion
This map has a geometrically left inverse given by the evaluation of the 1-jet of a contactomorphism at the north pole N ∈ S 3 . Hence, the last inclusion induces an injection in all homotopy groups. Moreover, it is a well known fact ( [E] ) that the inclusion U(2) → Cont(S 3 , ξ std ) is a weak homotopy equivalence (see [CS] for a complete proof).
Consider the restriction of the natural action of the contactomorphism group on the space of Legendrians to the unitary group. Fix a Legendrian L ∈ Leg(S 3 , ξ std ). The orbit of this Legendrian is described by the map
Observe that we have an analogous action in the space of Legendrian embeddings. The orbit of γ ∈ Leg(S 3 , ξ std ) is given by
5.2. Homotopy injection of Cont(S 3 , ξ std ) in Leg(S 3 , ξ std ). The main result of this section is the following one
is an injection for all k ≥ 2. Moreover, if one of the following conditions is satisfied
and L is an unknot or a torus knot or a hyperbolic knot, then the map π 1 (Φ L ) is also an injection.
Remark 5.2.2. By Proposition 3.2.3 the second condition is always satisfied for any Legendrian unknot. Moreover, the classification of the Legendrian figure eight knots (see [EtH] ) implies that the second condition is always satisfied.
Proof. For p ∈ S 3 , we have that ξ std (p) = jp, kp . Let γ ∈ Leg(S 3 , ξ std ) be any parametrization of L. Since the unitary groups acts transitively on S 3 we may assume that γ(0) = (1, 0) t ∈ S 3 ⊆ C 2 .
Lemma 5.2.3. The maps
are injective for all k.
Proof. The composition SU(2) −→ Leg(S 3 , ξ std ) −→ S 3 A −→ A · γ −→ A(γ(0)), defines a diffeomorphism. Thus, since π k (U(2)) ∼ = π k (SU(2)) for k ≥ 2, we conclude that π k (Φ γ ) is injective for k ≥ 2.
Observe that π 1 (U (2) Hence, Rot π 1 (A m θ · γ) = m and π 1 (Φ γ ) is also injective.
Since Leg(S 3 , ξ std ) = Leg(S 3 , ξ std )/ Diff + (S 1 ) the last lemma implies that π k (Φ L ) is injective for k ≥ 2.
To conclude the injectivity of the map π 1 (Φ L ) we must check that the loops A m θ (L), m = 0, are non trivial for any choice of parametrization. The possible parametrizations of these loops are given by γ From now on assume that L is an unknot or a torus knot or a hyperbolic knot. The tb π 1 invariant is always well defined for the unknot and any torus knot. Moreover, for a hyperbolic knot tb π 1 is well defined in Image(Φ L ). Assume that there exists k ∈ Z such that γ θ,k m is trivial for m = 0. Thus, k = 0 by (6). On the other hand 
